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Abstract. There have been several efforts in the literature to extend tlffftraditional Fourier
transformation by using the quaternion algebra. This paper presents the one-dimensional
quaternion Fourier transform. We derive its properties which are the L:)q»;ions of corresponding
properties of the one-dimensional Fourier transformation. Finally, the convolution theorem
related to the one-dimensional quaternion Fourier transform is discussed.

1. Introduction

As we know, the traditional Fourier transformation has been widely used in engineering,
mathematics, statistics and computer sciences (see, e.g. [1, 2, 3, 4]). This fact motivates
researchers to generalize the ftraditional Fourier transformation in various directions of
transformations. For instance, in [5, 6, 7] the authors proposed the linear canonical transform,
which is generalizations of the traditional Fourier transformation in the linear canonical domain.
In [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18], the authors introduced two-dimensional quaternion
Fourier transform, which can be regarded as the extension of the two-dimensional Fourier
transformation using the quaternions. Therefore, it is important to study the one-dimensional
quaternion Fourier transform, which is generalizations of the traditional Fourier transformation
in the framework of Hamiltonian quaternion algebra.

In this article, we introduce one-dimensional quaternion Fourier transform. We investigate
its properties which are the extensions of the one-dimensional Fourier transformation. We
finally develop the general convolution theorem related the one-dimensional quaternion Fourier
transformation.

2. Notation
We begin to state some basic facts on quaternions. The quaternion algebra over real number R

is expressed as
H = {h = hg +ih1 + jha + khs | ho, by, ha, hs € R}, (1)

which is an associative four-dimensional algebra and satisfies:

ij=-ji=k, jk=-kj=i, ki=-ik=j, i#=j2=k*=ijk=-1. (2)
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From (2) we see that quaternions can be considered as a noncommutative extension of complex
numbers. The conjugate of a quaternion h is given by

h = hy — ih1 — jho — khs, ho, by, ho, hy € R. (3)
It satisfies the property as complex number property, i.e.,
hp = ph. (4)

In vew of (3), we get the norm of h as

[h] = Vhh = \/hE + h3 + h3 + h3. (5)

For every quaternion p, h, it holds

[Ap| = | hl|p| (6)

The inverse of nonzero quaternion h is given by

h
-1 _
h™ = e (7)

3. 1-D QFTpand its properties
Let us present the definition of the one-dimensional quaternion Fourier transform (compare to
[19]). We then explore several its properties.

Definition 3.1. The one-dimensional quaternion Fourier transform (¢FT) of g € LY(R; H) is
given by

Filghw) = [ ty)e Prvay

=[P(gn(y)+i91(y)+j92(y)+k9:;)(y)) e~ dy

= Fl{otw) +iF{n} + jFe{g2} + kFi{gs}. (8)

From equation (8) above we will find that if g(y) is a real-valued function, then we may
interchange the position of the kernel e 2™ a5

Filghw) = [ sy = [ gy, ©)
Definition 3.2. The inverse can be erpressed in the form
ou) = 7 Fuloll) = [ Filg)e) o de (10)
Lemma 3.1. Suppose that g(y) is a continvous differential function. If g(y) belongs LY(R; H),
then
f;{j;:ﬁ}(w) = Fi{g}(w)(2mw)”, neN. (11)
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Proof. In fact, we have for n=1,

dgy iy ey de L dgs
FI{E}@) =7t dx Hw) +i7] dx b+imd dr b+ kA dr }
= F{go}(w)j2rw +iF{g1}(w)j2nw + jFa{ga }(w)j2mw + kFi{gs } (w)j2rw

= (Ff{ao}w) + iFi{g }w) + jFo{g2}(w) + kFi{gs} (w))j2mw
= Fr{g}(w)j2mw. (12)

For general derivatives the theorem follows from mathematical induction. The proof is
complete. (]

Theorem 3.2. For any g, h € LY(R;H), then one can get

[ Friay) FliF@ o = [ s dy (13)
113 113

Proof. By using the definition qFT, we obtain
f}}{g}(w} Frih}(w)dw = f f;{g}/ h(y) e=42™ dy dw
R R R
= [ (/ Fr{g}ed?™v dw) h(y) dy
B \JR
= A oy dy. (14)

The assertion is proved. (]
Likewise, we may obtain the following property.

Theorem 3.3. Under the assumptions of Theorem 3.2, one has
JEGHIOLS
=L}}{g}(y}(hn(y}+jh--z(y)) dy+[Pfr{9}(—y)(ih-1(y)+kh-:;(y)) dy. (15)
Proof. A first straightforward calculation shows that
[ a7y de
= [at©) [ ntyyemvayag
114 R
= A A 9(€) (ho(y) + iha(y) + jha(y) + khs)(y)) e ™Y dy d¢
= f f 9(&) (ho(y) + jha(y))e 32¥ dy de + / f 9(&) (i1 (y) + khy(y))e 927 dy dg
EJR RJR
- f [ f g(€&)ei2mey o!f] (ha(y) + iha(y)) dy + f [ f g(«f)e‘zmdg] (ih1(y) + khs(y)) dy
14 R E R
=/PJ-}{9}(1:) (holy) +.ih-z[y))dy+/P}'f{9}(—y) (ihi(y) +khs(y)) dy. (16)

This is the desired result. (|
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Due to the noncommutativity of quaternions we can derive the other form of equation (15)
as follows.

AQ(&)}'}{!},}(@ (£g=Ag(g)[R;?_(y) 2Ty gy ge
:fpfpg(f)(h-n(y} + ik (y) + ha(y) + khs) (y)) e 327 dy de
:ffg(f)!?_-n(y}EE_jZWwy dyd,f-l—//g(g)hl(y)ej'zrrwydyd{i
R JE e Je
+/l;/l;g(f)hg(y)e*j??rwydydgj+/l;/l;g(g)h:;(y)ej%wydyd{k
=fff{9}(y)hn(y) fiy+ff;{g}(—y)!?.1(y) dyi
B R

+ [ Frlghmat) i + [ Frigh-uhs(w) vk a7
124 jitd

4. Convolution Theorem in qFT Domain

In what follows, we present convolution theorem associated with the qFT. Since the
multiplication of quaternion is not commutative we obtain two types of the convolution theorems.
Let us introduce the convolution definition in the gFT domain.

Definition 4.1. Given two quaternion functions g, h € L*(R;H), the convolution of g and h is
defined by

(g=h)(y) = fpg(t)h(y —t) dt. (18)

Now we consider the qFT of convolution, which describes how the convolution of two
quaternion functions interacts with its qFT.

Theorem 4.1. For g, h belong to L*>(R;H). Then, the gFT of the convolution of g and h are
given by

Fr{g h}(w) = Fr{ghw)(Fr{ho + jha}(w)) + Frigh(~w) (Fr{ih + khs}(w)).

Proof. In view of (18), we see that

Filgs 1) = [ (g %)) e v dy

= / { / g(t)h(x — t)e 32y dy] dt.
R 12}
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Setting y = x — f vields

Fr{g*h}(w)

_
= ] { / g(t) h(y)e 32 5w) dy] dt
R’ R

_

- ] { / 9(t) (ho(y) + ih1(y) + jha(y) + khy(y))e 3D dy] dt

R R’ . 2 .
= / / g()(ho(y) + jha(y))e 3250 dy dt + / / () (ih1 (y) + khs(y))e 3250 dy dt

RJR REJR
=/g(t)e_-i2’r“ dr/ (h-n(y)-I-.]h-ie(!;‘))e_jgwydy

R B

+/l;g(t)e.i27rwt {th (ihl(y) +kh.3(y))e—j2ruydy

= Fri{gHw) (Fr{ho + jho}(w)) + Fr{g}(~w) (Fr{ih1 + khs}(w)). (19)

This proves the proof of the theorem. (]

The other form of the convolution theorem for the gF'T may be written in following statement.

Theorem 4.2. Under the same conditions as in Theorem 4.2, one can get

Fr{g+h}(w) = Fr{h}(w)Fr{ig Hw) + iFr{h}(w)Fr{g }{w)
+iFr{hHw) Fr{g:Hw) + kFr{h}(w)Fr{gs}(w).

Proof. Proceed equation (20) we obtain

Frig=h}(w)

_
= f { / g(t)h(y)e I2m=t5y) dy] dt
R R’

)
= j}m {]}m (g0(t) + igi(t) + jgz(t) + kgs(t))h(y)e 2 Ex0) dy] dt
:
= /ﬂafm (h(y)go(t) +ih(y)g1 (t) + ih(y)ga(t) + kh(y)gs(t)) e ™) dy dt

- / / h(y)go(t)e d2rwte=32ewt gy g / j ih(y) g1 (t)e32r ey e=i2ret gy gt
EJE REJERE
+]fjh_(y)gz(t}eijWwyeijWwLdydt+//kh__(y)gz(t)e*j%rwye*j%rwldydt. (20)
EJR RJRE
In consequence,

Fi{gh}w) = Fr{h}(w)Fi{go}(w) + iFr{h}(w)Fr{g1}(w)
+iFi{h Hw) Fi{ga} (@) + kFi{h} (@) Fi{gs}(w)- (21)

The assertion is proved. O

5. Conclusion
We have presented one-dimensional quaternion Fourier transform. We have established its

properties which are generalizations of the Fourier transform. We finally demonstrated
convolution theorem related one-dimensional quaternion Fourier transform.
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